We provide a detailed analysis of how bosonic dark matter "condensates" interact with compact stars, extending significantly the results of a recent Letter [1] . We focus on bosonic fields with mass mB, such as axions, axion-like candidates and hidden photons. Self-gravitating bosonic fields generically form "breathing" configurations, where both the spacetime geometry and the field oscillate, and can interact and cluster at the center of stars. We construct stellar configurations formed by a perfect fluid and a bosonic condensate, and which may describe the late stages of dark-matter accretion onto stars, in dark matter-rich environments. These composite stars oscillate at a frequency which is a multiple of f = 2.5 × 10 14 mBc 2 /eV Hz. Using perturbative analysis and Numerical Relativity techniques, we show that these stars are generically stable, and we provide criteria for instability. Our results also indicate that the growth of the dark matter core is halted close to the Chandrasekhar limit. We thus dispel a myth concerning dark matter accretion by stars: dark mater accretion does not necessarily lead to the destruction of the star, nor to collapse to a black hole. Finally, we argue that stars with long-lived bosonic cores may also develop in other theories with effective mass couplings, such as (massless) scalar-tensor theories.
There is now compelling evidence that most of the mass and energy enclosed in our Universe is made of yet unseen forms of matter and energy. For the standard picture of the evolution and structure of the Universe to agree with observational data, about a quarter of the Universe must come under the form of nonbaryonic matter, generically called dark matter (DM). The evidence for DM in observations is overwhelming, starting with galaxy rotation curves, gravitational lensing and the cosmic microwave background [2] . While carefully concocted modified theories of gravity can perhaps explain almost all observations, the most attractive and accepted explanation lies in DM being composed mostly of cold, collisionless particles [2] [3] [4] .
Several candidates for dark matter have been proposed [2] [3] [4] , of which ultralight bosonic fields, such as axions, axion-like candidates [5] [6] [7] or "hidden photons" [8] are an attractive possibility. Axions were originally devised to solve the strong-CP problem, but recently a plethora of other, even lighter fields with masses 10 −10 −10 −33 eV/c 2 , have also become an interesting possibility, in what is commonly known as the axiverse scenario [9] . On the other hand massive vector fields arise in the so-called hidden U (1) sector [10] [11] [12] [13] . This family of candidates are part of what is now referred to as weakly interacting slim particles (WISPs) [14] in the DM literature.
It is appropriate to emphasize that DM has not been seen nor detected through any of the known standard model interactions. The only evidence for DM is through its gravitational effect. Not surprisingly, the quest for DM is one of the most active fields of research of this century. Because DM can only interact feebly with Standard Model particles, and thanks to the equivalence principle, the most promising channel to look for DM imprints consists of gravitational interactions.
Massive bosonic fields minimally coupled to gravity can form structures [15] [16] [17] [18] [19] [20] [21] . Self-gravitating complex scalars may give rise to static, spherically-symmetric geometries called boson stars, while the field itself oscillates [15, 16] (for reviews, see Refs. [22] [23] [24] [25] ). Very recently, analogous solutions for complex massive vector fields where also shown to exist [21] . On the other hand, real scalars may give rise to long-term stable oscillating geometries, but with a non-trivial time-dependent stress-energy tensor, called oscillatons [18] . Both solutions arise naturally as the end-state of gravitational collapse [18, 26, 27] , and both structures share similar features.
Because the equivalence principle guarantees that all forms of matter gravitate, regions where gravity is strong, such as compact stars, might be a good place to look for signals of DM. Since massive bosonic fields are viable DM candidates [2, 3] , a natural question is whether they can be accreted inside stars and lead to stable configurations with observable effects. Although not originally framed in the context of DM capture, such solutions, made of both a perfect fluid and a massive complex scalar field, exist [28] [29] [30] [31] [32] [33] [34] [35] and can model the effect of bosonic DM accretion by compact stars. Complementary to these studies, accretion of fermionic DM has also been considered, by modeling the DM core with a perfect fluid and constructing a physically motivated equation of state [36] [37] [38] . In a recent Letter [1] we presented an extension of these results by considering real massive scalar and vector fields. Here, we provide some details of the results presented in Ref. [1] , while also extending them significantly.
A. Stars may survive dark matter capture
Our work may be useful on several fronts. Firstly, our results show that stable DM cores inside compact stars are possible. The question of whether these cores are actually formed through dynamical processes in DM environments is harder to answer. The standard lore -which our results do not support -is that the dynamics happen in two stages (see e.g., Refs. [39] [40] [41] [42] [43] ): 1. Accumulation stage, where DM is captured by the star due to gravitational deflection and a non-vanishing cross-section for collision with the star material [39, [44] [45] [46] . The DM material eventually thermalizes with the star, and accumulates inside a sphere of r.m.s. radius r th ∼ (k B T /ρ c m DM )
1/2 , with k B Boltzmann's constant, T, ρ c the temperature and density of the star, and m DM the mass of the DM particles. 2. Black hole formation, after the DM core becomes selfgravitating. The newly formed black hole (BH) eventually eats the host star [39] [40] [41] [42] [43] 45] .
Our results indicate that stable, self-gravitating and self-interacting bosonic DM cores exist and can be explicitly constructed [1] , as we detail in the main body of this work. In fact, a similar construction was recently performed for fermionic DM models [37] . Thus, the scenario above cannot be generic. In fact, all of these works assume that gravitational collapse ensues once DM becomes self-gravitating. The stability and evolution of stars is a far more complex affair, and in particular DM dispersion or an increase in the star temperature can easily rule out the collapse scenario. We show that the gravitational cooling mechanism [47] not only disperses bosonic condensates, but it prevents -generically -gravitational collapse to occur.
Our results do not take into account non-gravitational interactions between the star and DM; however, there are strong reasons to suspect that some of the main features are independent, at the qualitative level, of the nature of the interaction. For example, although our results are formally only valid for zero-temperature bosonic condensates, finite temperature effects are expected to be negligible for bosonic masses much larger than the central temperature of the host star [48, 49] , such as bosonic fields with masses keV inside old neutron stars or white dwarfs. In fact, Refs. [48, 49] showed that stable bosonic stars exist for temperatures below a critical temperature which scales linearly with the boson field mass. Finite temperatures tend to increase the radius of the boson star (comparing a star with the same total mass), but do not significantly affect the star's maximum stable mass. In addition, for axionic-type couplings, for instance, all or most of the core energy will be dissipated away under electromagnetic radiation, on relatively small timescales [50] [51] [52] .
Finally, our study predicts that bosonic DM cores drive the star to vibrate at a frequency dictated by the scalar field mass, f = 2.5 × 10 14 m B c 2 /eV Hz [1] , providing a clear means to identify the presence of dark matter in stars, provided these modes are excited to measurable amplitudes. Helioseismology, developed to the level of a precision science, can now measure individual modes each with an amplitude of ∼ 10 cm s −1 [53] . Thus, provided efficient mechanisms exist to gather sufficient DM at the cores of stars, these oscillations will be a smoking gun for DM.
B. Organization of this work
For the reader's convenience, we present here the structure of the paper. In Section II we introduce our general setup and give a brief overview of already known solutions. The reader interested in the construction of scalar and vector oscillatons should read Section III. There, we first review how scalar oscillatons are constructed and then present for the first time details on massive vector field oscillatons.
Sections IV and VI are devoted to the study of stars with bosonic cores and their growth. We first study stellar configurations formed by both a perfect fluid and a real massive scalar field in Section IV. These solutions are a generalization of the fluid-boson stars found and studied in detail in Refs. [28] [29] [30] [31] . To understand how these stars might grow, in Section VI we study head-on collisions of oscillatons in full Numerical Relativity. We confirm and extend previous results, showing that collapse to a BH can be avoided whenever gravitational cooling mechanisms are efficient [47, [54] [55] [56] . This suggests that previous claims, assuming the collapse of the host star to a BH above a certain threshold might not always be valid if DM is composed of massive bosonic fields.
Those interested in similar solutions in scalar-tensor theories should jump to Section V, where we consider perfect fluid stars in massless scalar-tensor theories and argue that stars with long-lived bosonic cores can exist in these theories. We conclude our study in Section VII, with possible extensions and follow-ups of this work.
II. SETUP A. Notation and conventions
Unless otherwise and explicitly stated, we use geometrized units where G = c = 1, so that energy and time have units of length. We also adopt the (−+++. . . ) convention for the metric. For reference, the following is a list of symbols that are used often throughout the text.
(t, r, θ, ϕ)
Spherical coordinates employed in most of this work.
Aµ
Electromagnetic four-vector potential, with mass parameter µV .
A(φ)
Generic function of a scalar field, in the context of scalar-tensor theories of gravity.
A th
Amplitude of thermal motion of nucleon inside star. B Metric component. We deal with diagonal metrics of the form −F (t, r)dt 2 + B(t, r)dr
Integer angular number, related to the eigenvalue l(l + 1) of spherical harmonics. λ Coupling constant for quartic interactions, described by a Lagragian L = −λφ 4 /4. Mmax Peak value of the mass of a star in a mass-radius relation (cf. Fig. 1 ). Determines threshold for stability. M⊙ ∼ 1.989 × 10 30 Kg, mass of our Sun.
MT
Total ADM or gravitational mass, as measured by observers at large distances.
MF,B
Time-average total mass in fluid and bosons, respectively.
M0
Mass of standard star, in absence of scalar field, for the same value of central density. mN Baryon mass. µS,V mass parameter of (scalar or vector) bosonic fields. The physical mass mB is written as mB = µS,V .
NF,B
Total number of fermions and bosons in star, associated with conserved baryon number and Noether charge. nF Baryonic number density in fluid frame. φ Scalar field, taken to be fundamental and of mass µS. ρ φ Energy density of scalar field. ρF Energy density, in the fluid frame, of a perfect fluid usually model with a polytropic equation of state P = Kρ γ F . P Pressure of perfect fluid. R Radius of bosonic condensate, defined to be the radius containing 98% of the mass. w1,2
Width of scalar pulse initial data, in the context of collisions of scalar condensates. ω Fourier transform variable, parameterizing the time dependence of variables, ∼ e −iωt . Ω th Vibration frequency of nucleon inside fluid star, due to thermal motion. V Radial, coordinate velocity of a given fluid element in the star.
B. Framework
We will be interested in a massive scalar φ or vector A µ minimally coupled to gravity, and described by the action
We take κ = 16π, F µν ≡ ∇ µ A ν − ∇ ν A µ is the Maxwell tensor and L matter describes additional matter fields, that we consider to be described by a perfect fluid. We focus on massive, non self-interacting fields, but our results are easily generalized. In fact, we discuss in Section VI how our results generalize to a quartic self-interaction term.
The mass m B of the boson under consideration is related to the mass parameter above through µ S,V = m B / , and the theory is controlled by the dimensionless coupling
where M T is the total mass of the bosonic configuration.
Varying the action (1), the resulting equations of motion are
Here, the stress-energy tensor for the perfect fluid is given by [57] 
with u µ the fluid's four-velocity, ρ F its total energy density in the fluid frame and P its pressure. The massive vector field equations (3b) imply that the vector field must satisfy the constraint,
while from the Bianchi identities, it follows that the fluid must satisfy the conservation equations
In addition we impose conservation of the baryonic number [57] :
where n F is the baryonic number density in the fluid frame and m N n F is the fluid's rest-mass density for baryons of mass m N . To close this system of equations we also need to complement the system with an equation of state relating n F , ρ F and P . Specific equations of state will be discussed in Sec. IV. In the following we consider only everywhere regular solutions of the system (3a)-(3c).
C. Brief overview of solutions
Compact solutions of the system (3a)-(3c), without including the perfect fluid, exist for both real and complex fields. Scalar fields have been extensively studied in the literature, while similar solutions for vector fields have only recently been shown to exist [1, 21, 26] . Here we give a brief summary of the most popular solutions which have been studied so far. For more detailed reviews on the subject see Refs. [22] [23] [24] [25] .
a. Boson stars. Boson stars are regular compact solutions of the Einstein-Klein-Gordon equations for a complex massive scalar field. Some of these solutions have been claimed in the literature as possible candidates for supermassive horizonless BH mimickers [58] . They can be classified according to the scalar potential in the Klein-Gordon Lagrangian (1) [23] :
• Mini boson stars: the scalar field potential is given by V (φ) = µ 2 S |φ| 2 , where µ S is the scalar field mass. For non-rotating boson stars the maximum mass is M max ≈ 0.633m 2 P /µ S , with m P being the Planck mass [15, 16] . Considering values of µ S typically found within the Standard Model, this mass limit is much smaller than the Chandrasekhar limit for a fermion star, approximately m 3 P /µ 2 . For ultralight boson masses µ S , as those motivated by string axiverse scenarios [9] , and relevant in the DM context, mini boson stars may have a total mass compatible with that observed in active galactic nuclei [23] .
• Massive boson stars: the scalar potential has an additional quartic scalar field term,
(see also Ref. [60] for a detailed study of these solutions in the context of DM physics). In this case the maximum mass can be comparable to the Chandrasekhar limit and for
One can also find other types of boson stars by changing the scalar potential or by considering non-minimal couplings as done in Ref. [61] . For some non-linear potentials, similar solutions, generically called Q-balls, exist even in flat space [62, 63] (when coupled to gravity some of these solutions can give rise to very heavy boson stars [64] . See also Ref. [65] for potentials with more generic self-interaction terms). Finally, boson stars can also be found in alternative theories of gravity, such as scalar-tensor theories [66] [67] [68] . A more detailed list of solutions can be found in Ref. [23] .
b. Oscillatons. For a real massive scalar field minimally coupled to gravity, with V (φ) = µ 2 S φ 2 , compact configurations were first shown to exist in Ref. [18] , while the generalization for a scalar field with a quartic interaction was considered in [69] . Interestingly, for some nonlinear potentials, such as the Higgs double well potential or the axionic sine-gordon potential, a real scalar field counterpart of the Q-balls exist and are dubbed oscillons [70] [71] [72] [73] [74] (note that oscillons are built in a Minkowski background). Unlike boson stars, since the scalar field stress-energy tensor is itself time-dependent, for oscillatons both the metric and the scalar field oscillate periodically in time. Oscillatons (and oscillons) are not truly periodic solutions of the field equations, as they decay through quantum and classical processes. However, their lifetime T decay is extremely large for the masses of interest [75, 76] ,
For real massive vector fields, Ref [26] found convincing indications that the same kind of oscillatory solutions form in the gravitational collapse of a wide set of initial data.
Boson stars and oscillatons share very similar structures, as summarized in Fig. 1 , where we plot the massradius relation for spherically symmetric boson stars and oscillatons (including massive vectors that will be discussed in the next Section). Boson stars and oscillatons have a maximum mass M max , given approximately by
for scalars and slightly larger for vectors. c. Boson-Fermion stars The extension to mixed stars, composed both by a complex scalar field and a perfect fluid, was first considered in Ref. [28] and further studied in [29] [30] [31] (exact solutions in 2 + 1-dimensions were also found in [32] ). The stability of these objects was studied in [77] [78] [79] [80] . Slowly rotating boson-fermion stars were constructed in [33] , while extensions to allow for an interaction between the scalar field and the fermionic fluid were considered in [34, 35] .
Boson-fermion stars were shown to exist in a wide variety of configurations. For small boson masses they can be either dominated by the bosonic component or the fermionic, or have bosonic and fermionic components of the same order of magnitude [28] [29] [30] [31] . For large boson masses only two types of configurations exist, either bosonic dominated or fermionic dominated, with a sharp transition between the two configurations, when one of the configurations reaches ∼ 10% of the total mass [29, 30] .
In this paper we will show that similar solutions also exist for real massive fields. However in this case the fluid must itself oscillate with a dominant frequency given by twice the boson mass.
III. OSCILLATONS
In this Section we construct compact solutions of the Einstein field equations, either for a minimally coupled real massive scalar or vector field. We first review the formalism introduced in Ref. [18] to construct massive scalar oscillatons and then show how this formalism can be extended to massive vector fields. 
A. Massive scalar field
We start by considering a real massive scalar minimally coupled to gravity. In Ref. [18] it was shown that solutions to the field equations describing spherically symmetric compact configurations exist. We consider a general time-dependent spherically symmetric metric
Rescaling the scalar field as φ → φ/ √ 8π and defining the function C(t, r) = B(t, r)/F (t, r), the field equations (3a) and (3c) lead to a system of partial differential equations (PDEs) given bẏ
where an overdot denotes ∂/∂t and a prime denotes ∂/∂r.
These equations suggest the following periodic expansion
Inserting this expansion into the system (12)- (14) and truncating the series at a given j, yields a set of ordinary differential equations for the radial Fourier components of the metric functions and the scalar field. We note that out of the four Eqs. (11)- (14) we only need to use three. The remaining one can be checked to be satisfied a posteriori. In practice we only compute the Fourier expansion (15) up to j = j max . This introduces a certain error in the accuracy at which the full system of equations is satisfied. In general the larger j max is, the smaller the error [76, 81] , and we explicitly checked that this was the case. We impose regular boundary conditions at r = 0, i.e., φ ′ 2j+1 (0) = 0, B 0 (0) = 1, B 2j (r) = 0 for j ≥ 1, while φ 2j+1 (0) and C 2j (0) are free parameters. At infinity r → ∞, asymptotic flatness requires φ 2j+1 → 0, C 0 = B 0 → 1 and C 2j = B 2j → 0 for j ≥ 1
1 . The system (12)- (14) supplemented with this set of boundary conditions is an eigenvalue problem for the frequency ω. Fixing one of the free parameters, e.g, φ 1 (0), one can shoot for the other remaining free parameters, requiring that the boundary conditions are satisfied. For each choice of φ 1 (0) there will be a unique family of solutions satisfying the above boundary conditions, characterized by the number of nodes in the scalar field profile.
Due to the presence of a mass term in the scalar potential, the scalar field decays in a Yukawa-like fashion e −r √ µ 2 S −ω 2 /r at large distances. Thus, at infinity the metric asymptotically approaches the Schwarzschild solution and the total mass of a given configuration can be computed using
We should note that oscillatons are not truly stable configurations, but decay on very long time-scales due to a radiative tail. However, since the amplitude of this tail is exponentially suppressed, for our purposes it is enough to compute the mass at some finite radius and consider it to be the mass of the oscillaton. Although these stars do not possess a well-defined surface where the field vanishes, the configuration is exponentially suppressed at a radius r ∼ 1/µ S . Thus, one can define an effective radius inside which much of the mass is localized. We will define the radius R of the oscillaton as being the radius such that m(R) is 98% of the total mass M T .
In Fig. 2 we show an example of a configuration. The profile is smooth everywhere and we find that the series (15) typically converges already for j = 2. The fundamental frequency satisfies ω µ S as shown in Fig. 3 , where we plot the mass M T as a function of ω. In the Newtonian limit M T → 0, the solutions become spatially diluted with ω → µ S (cf. Fig. 1 ). For smaller ω the star becomes more compact, with a maximum mass given by M T ∼ 0.6/µ S for ω ∼ 0.864µ S , in agreement with previous studies [18, 54] .
Due to the time-dependence of these solutions, a perturbative analysis of their linear stability is very challenging. However the close similarity between oscillatons and boson stars, suggest that the solutions are stable from ω = µ S down to the maximal mass [82, 83] . The results of Refs. [18, 54] , where Numerical Relativity techniques were used to study how oscillatons behave when slightly perturbed, suggest that this is indeed the case. Since scalar oscillatons have been widely discussed in the literature, we will not discuss them further and instead show that similar configurations exist for massive vector fields.
B. Massive vector field
Very recently, the Einstein-Proca field equations (3b) and (3c) have been shown to admit compact configurations, similar to scalar boson stars, for a complex massive vector field [21] . On the other hand, for real vector fields, Ref. [26] found strong numerical evidences that vector oscillatons can form in the gravitational collapse of a real massive vector field. Using the formalism introduced above, we can show that real massive vector fields can indeed form oscillating compact structures when minimally coupled to gravity. This is, as far as we are aware, the first time that these solutions are explicitly constructed.
We consider the metric (10) and a spherically symmetric vector field
To simplify the equations we define the following functions
where again C ≡ B/F . From eqs. (3b) and (5) we find while from Einstein's field equations (3c) we havė
These equations suggest the following Fourier expansions
while the metric functions are expanded as in (15) . Once more, eq. (23) will not be used to find the solutions. On the other hand, from Eq. (22), one can find W 2j+1 algebraically, which greatly simplifies the equations (note that W is just an auxiliary function that we introduced to simplify the equations, and so one can easily check that, after finding W 2j+1 from eq. (22) and X ′ r 2j+1 from eq. (20), eq. (21) is automatically satisfied). Similarly to the scalar case, we can find a set of ordinary differential equations by truncating the series at some j and then solve the eigenvalue problem, imposing regular boundary conditions at r = 0 and asymptotic flatness. This imposes X r 2j+1 (0) = 0, B 0 (0) = 1, B 2j (r) = 0 for j ≥ 1, while X t 2j+1 (0) and C 2j (0) are free parameters. At infinity, besides the usual conditions for the metric functions, we require X t 2j+1 = X r 2j+1 → 0. We can then find solutions by fixing X t 1 (0) and use the same method as for the scalar case.
Our results are summarized in Figs. 4-5. The overall behavior is analogous to the scalar case. The series (26) converges rapidly and already for j = 2 one gets an accuracy for the ADM mass better than ∼ 0.2%. The total mass M T as a function of frequency ω is shown in Fig. 5 . The behavior is analogous to the one found in the scalar case, although the maximum is slightly larger, M T ∼ 1.07/µ V (cf. Fig 1) , and occurs at ω ∼ 0.875µ V . Not surprisingly, the overall behavior is almost identical to the one found for Proca stars (i.e. complex vector field boson stars) [21] , as can be seen in Fig. 1 .
By considering radial perturbations of Proca stars, it was shown in Ref. [21] that the maximum mass also corresponds to a branching point separating unstable from stable solutions. Although full numerical simulations are needed, vector oscillatons should also follow the same pattern. In particular, similar conclusions should hold: configurations which reach the unstable branch will either quickly collapse to BHs or migrate back to the stable branch via mass ejection, a phenomenon known as the gravitational cooling mechanism [47, 54, 55] (see also Section VI). As a final word, we should note that although we only discussed fundamental states, characterized by X t having one node and X r being nodeless, excited states -solutions with more nodes -also exist. Since those are expected to be unstable [84, 85] we will not discuss them here. 
IV. STARS WITH DARK MATTER CORES
A. Setting and Fourier-expansion
In the previous Section we showed that self-gravitating massive bosonic fields can form compact configurations. An interesting possibility is that these structures might be accreted by stars, forming a bosonic core in their interior. For complex bosonic fields, such solutions were already considered in the literature [28] [29] [30] [31] [32] [33] [34] [35] . In a recent Letter [1] we showed that real bosonic fields can also cluster inside stars and give rise to oscillating configurations, where both the star's material and the field oscillate. In the following we provide details on these solutions.
We consider the system (3a), (3c), and for simplicity we focus only on the scalar case. Similar configurations should also exist for vector fields. Due to the presence of the scalar field the fluid will, in general, oscillate with a radial velocity:
where u 0 = Γ/ √ −g tt and Γ = 1 − U 2 1/2 is the Lorentz factor connecting the fluid's comoving frame with the frame of the observer at rest with respect to a spacelike hypersurface of constant t [86] . Using the normalization condition u µ u µ = −1 one has U = V −g rr /g tt . In the Letter [1] we did not assume conservation of the baryonic number, given by Eq. (7). This is equivalent to neglecting the radial velocity V ∼ 0. As we show below, this is indeed a good approximation for small bosonic cores. Physically, non conservation of the baryonic number leads to a conversion of bosonic matter to baryonic matter and vice-versa. This mimics a fundamental interaction between the scalar field and star's material for which the baryon number is not conserved. On the other hand, whether a conversion between fundamental fields can indeed occur indirectly through their gravitational coupling is an interesting discussion that we leave for future work. We should also note that for complex fields, which give rise to the boson-fermion stars first studied in Refs. [28, 29] , the fluid and the metric are static, and so for this case we set V = 0.
Once more, we will work with a rescaled scalar field, φ → φ/ √ 8π and consider a general time-dependent, spherically symmetric metric, as in Eq. (10) . The field equations, together with the conservation equations (6) and (7) lead to a system of PDEs given bẏ
. (34) where we recall that C ≡ B/F and U ≡ √ CV . We will not make use of the conservation equations (28) and (29) . One can check a posteriori that these equations are satisfied up to a certain error introduced by the ansatz we use.
Employing the periodic expansion (15), one can easily see that the fluid's energy density, rest-mass density, pressure and radial velocity can be consistently expanded as
The equations of motion need to be supplemented by an equation of state. We will focus on an ideal fluid and polytropic equation of state [57] :
where we take K = 100/µ 2 S and γ = 2, which can mimic neutron stars [80, 87] . For this choice, the star is also isentropic, i.e. the fluid's specific entropy is constant along the star [57] . In the Letter [1] we considered the equation of state P = Kρ γ F , which is equivalent to the previous one when the fluid's internal energy density is much smaller than the fluid's rest-mass density. This is a good model for cold and old neutron stars [57] . In the following, we will compare the results obtained in both models. In geometrical units G = c = 1 and γ = 2, √ K has units of length and can be used to set the lengthscale of the problem in the absence of the scalar field [88] . Without loss of generality we will also set m N = 1. The choice K = 100 was considered in e.g. Ref. [80] , which we used to check the accuracy of our code. Other values of K can be obtained by fixing µ S and rescale all the quantities accordingly. For example, fixing µ S = 1, mass and radius are measured in units of √ K. Although our results can be generalized to other equations of state, we should note that generic equations of state do not allow for a straightforward expansion such as (35) . A possibility is to consider the oscillating components to be a small perturbation of a static star, along the lines of what is usually done to construct slowly-rotating stars [89, 90] 2 . The construction here presented can then be straightforwardly applied. We have explicitly checked that using this approach one can generalize our results to a generic equation of state.
B. Numerical procedure
To construct the stars we employ the same method used in the previous Section, the difference being that, due to the presence of the fluid, the solutions are now parametrized by two parameters, e.g., n F 0 (0) and φ 1 (0), while for the radial velocity we impose V 2j (0) = 0. Additionally, we also need to impose boundary conditions at the star's radius. We define the radius R of the star to be the location where the pressure drops to zero, P (R) = 0. For high scalar field central densities, first-order terms j = 1 in the density might become of the order of the zeroth-order term, making it difficult to find these configurations with good accuracy and impose the boundary condition at the star's radius. However, as explained below, for a given n F 0 (0), we expect these configurations to become unstable at some threshold φ 1 (0) > φ c 1 (0). To avoid these numerical difficulties, we will mostly focus on small φ 1 (0).
Due to the different length scales present in the problem, the solutions can also be characterized by the mass coupling µ S M 0 , where M 0 is the mass of the static star for vanishing scalar field, corresponding to the same value of central rest-mass density n F 0 (0). Depending on the numerical value of µ S M 0 , we employ different numerical strategies. For small µ S M 0 , the scalar field density profile extends beyond the star's radius. For this case we compute the profile inside the star and at the star's radius impose the matching with the outer solution. The 2 In this case, at lowest order, the expansion (35) would be given by ρ
, with ǫ a small bookkeeping parameter and we assume an equation of state in the absence of the scalar field of the form ρ F 0 ≡ ρ F 0 (P 0 ) and
full solution is then found by imposing asymptotically flat boundary conditions. For large µ S M 0 , the scalar field is exponentially suppressed inside the star. To avoid numerical errors to spoil the full solution, we perform tree integrations: we first find the radius at which the scalar field drops to zero and then compute the remaining solution by imposing the scalar field to be zero after this radius. The solution outside the star is then found by matching it with the inner solution.
A useful quantity to describe scalar-fluid stars is the scalar field's energy density, given by
and the energy density measured by an observer at rest with respect to a spacelike hypersurface of constant t, given by
Note that, for our solutions, the contribution from the fluid's kinetic energy to ρ F is negligible, and so we have in general Γ ∼ 1 and ρ F ∼ ρ F . With this, we define the time-average total mass in the fluid and bosons as
where <> denotes a temporal average. The total mass M T can be found in the usual way through the metric component g rr which asymptotically approaches the Schwarzschild solution at infinity (cf. Eq. (16)).
C. Results
We will discuss our results assuming baryon conservation during DM accretion and dynamics, but we will also discuss stars for which the DM-baryon cross section is so large that conversion between one and the other is extreme, to the point where solutions with zero fluid velocity are allowed. These solutions conserve baryon number on the average, but not instantaneously. Additionally, this also serves as a model for stars composed of fields for which there is no conserved current, such as Majorana fermions or real bosonic fields.
Conserved baryon number
Our results for composite stars with conserved total baryon numbers are summarized in Figs. 6-9 . The overall behavior and global structure of these DM-cored stars is dependent on the new mass scale introduced by the scalar field mass. For very small µM 0 , the Compton wavelength of the scalar is very large and the scalar field spreads throughout the spacetime. This is shown in the left panel of Fig. 6 for µ S M 0 = 0.1. For very large scalar field masses, on the other hand, the scalar is confined to a small region inside the star, as seen in the right panel of Fig. 6 for µ S M 0 = 20. In fact, when µ S M 0 is extremely large, as happens for many DM models (c.f. (2)), the scalar core hardly knows about the existence of the star outside, and behaves, to a very good precision, exactly like the pure oscillatons we described in the last Sections. Notice also that for large mass couplings, one can have a large density, small oscillaton inside a fluid star. As we discuss below, our argument then indicates that the oscillaton can be in the stable branch, indicating that the whole configuration is stable. In other words, stable, self-gravitating bosonic DM cores inside stars are possible. These results complement similar recent findings for fermionic DM cores [37] . Accordingly, the detailed structure of these stars will also depend on the dimensionless coupling µ S M 0 . For large couplings, one can think of these composite stars as a regular fluid star, where at the center sits a small pulsating oscillaton. It is then natural to expect that the oscillations in the oscillaton density will induce oscillations in the fluid material. Indeed, this is a generic feature borne out of our results. A typical star structure is shown in Fig. 7 for a 0.54% scalar composition and µM 0 = 10, corresponding to a scalar core well inside the fermion fluid. A general feature of these stars is that they 
In particular, the local density is a periodic function of time with a period dictated by the scalar field. These oscillations are signalled by a nonzero j = 1 component of the fermion density expansion (35) , and are driven by the time-varying component of the oscillaton's density; therefore, the amplitude of the fluid's oscillations is expected to scale with the mass of the oscillaton. As shown in Fig. 8 , for small mass ratios M B /M T and large µM 0 we find that the amplitude of these oscillations is described by the approximate relation conserved, the fluid velocity is nonzero, and is shown in Fig. 9 .
Non-conservation of baryon number
The previous results can be compared and contrasted with the extreme case where DM and baryonic matter can convert into one another. Under this assumption, we find that there are solutions, summarized in Figs. [10] [11] [12] , that allow a star to have zero fluid velocity (see also discussion in Section IV A). We find that despite this, the overall qualitative behavior is the same as those of baryon-conserving stars.
The density distribution of baryon non-conserving stars is shown in Fig. 10 for different dimensionless mass couplings. We remind the reader that these are V = 0 and P = Kρ γ F stars that were considered in the Letter. Again, the mass coupling changes drastically the global behavior of these stars; large mass couplings result in a small bosonic DM core which is oblivious of the fermions surrounding it.
The structure of a star is shown in Fig. 11 . Because We fix ρF 0(0) = 0.00057092, and have from left to right, µSM0 = 0.1, MB/MT ≈ 21%, corresponding to φ1(0) = 0.026 and ωM0 ≈ 0.0993, µSM0 = 1, MB/MT ≈ 5%, corresponding to φ1(0) = 0.064 and ωM0 ≈ 0.873, and µSM0 = 10, MB/MT ≈ 5%, corresponding to φ1(0) = 0.06982 and ωM0 ≈ 8.629. Once more, squares denote the corresponding quantities for complex fields (i.e. mixed boson-fluid stars for the same MF and MB).
the equations are technically less challenging to handle in this case, we can accurately compute their j = 2 Fourier components and consider larger values of M B /M T . As we said, the qualitative behavior is similar, and in particular these composite stars also oscillate in density, driven by the density-varying oscillaton sitting at their center. Since the effect of the radial velocity is negligible for small M B /M T , taking V ∼ 0 describes with very good accuracy the main properties of these stars. For large µM 0 , the only noticeable effect of V on the solution is to slightly increase the amplitude of the oscillations in comparison to the V = 0 case. A comparison for the solution of Fig. 7 , where this difference is noticeable, is shown in Fig. 12 . In general, the smaller µM 0 and M B /M T the better the agreement between the two cases.
We stress that the overall behavior might have been anticipated from an analysis of Fig. 1 : for light fields, µ S M 0 < 1 the scalar profile is extended and the pure oscillaton solution is broad and light. As such, the scalar has a negligible influence on the fluid distribution (as can be seen from the fact that the zero-scalar line ρ φ=0 overlaps with the fluid line in Figs. 6 and 10), and these stars simply have an extended scalar condensate protruding away from them. In fact, our results are compatible with a decoupling between the boson and fluid for large µ S M B . For this case, Fig. 1 alone is enough to interpret the bosonic distribution. For example, for µ S M 0 = 10, M B /M T = 5%, we get µ S M B ∼ 0.3, which would imply from Fig. 1 that µ S R ∼ 20 for the scalar field distribution. This is indeed apparent from Fig. 10 . Similar conclusions were reached when studying mixed fermion fluid/boson stars with complex fields [30] . In fact, the structure of mixed oscillatons and fluid stars is almost identical to that of boson stars and fluids, as can be seen from Figs. 6 and 10, where we overplot with dotted lines the complex field case.
Overall, our results are consistent with what was previously found for boson-fermion fluid stars [28, 29] . We expect that field configurations with high M B /M T for large µ S M 0 should follow the same kind of behavior as that found in boson-fermion stars. In particular we expect that bosonic dominated stars should also be possible when increasing M B /M T [28, 29] .
Finally, as we discuss below, a careful stability analysis shows that, for sufficiently small φ 1 (0) and for stars which are stable in the absence of scalars, composite stars are dynamically stable. On the other hand, our results show that these configurations can be understood well from the mass-radius relation of oscillatons. The maximum mass supported is (9), M max /M ⊙ = 8 × 10 −11 eV /(m B c 2 ), which for a neutron star and an axion field of mass 10 −5 eV falls well within the stability regime [91] .
Stability of fluid-boson stars
As was mentioned before, the stability properties of fluid-boson stars are not expected to depend on the details of the scalar field description. Therefore, we will focus here on the well-studied case of a fermionic star with a complex scalar field, and assume that the results will hold in more generic cases (in particular, when the scalar field is real). Since fermion-boson star solutions depend on two parameters (i.e., for instance {n F (0), φ 1 (0)}), the stability theorems for single parameter solutions can not be directly applied. This implies that the change in stability of these solutions cannot easily be inferred from the extremes of a mass versus radius diagram, and requires a more careful analysis. Nevertheless, one can argue that a necessary condition for stability is that the binding energy M T − m N N F − m B N B be negative [29] , where N B is the number of bosons (associated to the conservation of the Noether charge) and N F is the number of fermions (associated to the conservation of the baryonic number) defined, respectively, by
For the solutions shown in Fig. 8 , the binding energy defined in terms of the masses M T − M F − M B is always negative. Although negative values do not necessarily imply stability, they do give strong support to the claim that these configurations are stable. A more careful stability analysis shows that for sufficiently small φ 1 (0) and for stars which are stable in the absence of scalars, the negativity of the binding energy is a good criterion for stability [78] .
A more strict stability criterion to find the critical point -which separates the stable from the unstable configurations-can be obtained through a dynamical analysis, since at the critical point the lowest eigenvalue 
in the (radial) perturbations of the star passes zero. In general this dynamical analysis might become rather involved and simpler alternative approaches have been proposed. For instance, it has been observed that in a critical point there must be a direction n such that the directional derivatives of {M, N F , N B } vanish [78] , implying that at the stability boundary n is tangential to the level curves of constant M , N B , and N F . Using this property, the stability boundary can be found by drawing contours onto the plane {n F (0), φ 1 (0)} for fixed values of the particle numbers, and looking for the points where these curves meet and are tangential to each other [78] (see e.g. Fig. 1 of Ref. [78] and Fig. 2 of Ref. [80] ). It was also noticed [80] that, since a level curve of constant total mass M c implicitly defines the trajectory φ 1 (0) = φ 1 (0)[n F (0), M c ], the equilibrium critical configurations also correspond to the extreme values of the number of particles when surveyed along a level curve of constant total mass. Therefore, a simple procedure to find the critical point is to calculate the extremes of the particle numbers when the total mass is held fixed:
This method was employed in [80] to obtain the critical point and distinguish stable from unstable configurations. These results were validated by numerical evolutions, showing that only the stars on one side of such extreme were stable against perturbations. The stars on the other side of the critical point were unstable and could, depending on the initial perturbation, either migrate to a stable star or collapse to a BH. Unfortunately, only cases with a small dark matter component were considered, so the question regarding what happens with selfgravitating scalar fields remained unanswered. These studies can be easily extended to fermion-boson stars with self-gravitating scalar fields by allowing for solutions with comparable number of bosonic and fermionic particles. Similar masses can be achieved by either modifying the EoS of the baryonic fluid or the mass of the boson particle. Here we allow for mixed stars dominated either by fermions or bosons by setting {K, m B } such that the maximum mass of isolated fermion and boson stars are the same M B = M F = 0.633.
In Fig. 13 the number of particles N F and N B , rescaled with the total constant mass M T = 0.55, are plotted as a function of the central rest-mass fluid density m N n F (0). Clearly, there are two different solution regimes: at low fluid density the solutions are dominated by the scalar field component such that N B > N F and ρ φ (0) > ρ F (0). On the other hand, for high fluid densities, the solutions are dominated by the fermionic part, so N F > N B and ρ φ (0) < ρ F (0). An extreme, corresponding to the critical point separating stable from unstable configurations, is present in these two regimes. It is easy to show that, in each regime, the branch on the left of the maximum correspond to the stable solutions. This result is indeed confirmed by numerical evolutions, which are performed with the code and the techniques described in detail in Ref. [80] . Four representative equilibrium configurations, one on each side of the extreme present in each regime, are modified by a small initial perturbation. The time evolution of the central fluid density m N n F (0) is displayed in Fig. 14 . Under small perturbations, the stable configurations just oscillate with the quasi-normal modes, while unstable configurations either migrate to a stable star or collapse to a BH.
These results confirm that there is nothing special regarding fermion-boson stars with self-gravitating scalar fields, in contrast to some claims in the literature [39] [40] [41] [42] [43] ; these configurations can be either stable or unstable, depending on the parameters of the system. 
V. STARS WITH SCALAR CORES IN SCALAR-TENSOR THEORIES
Scalar fields are a fundamental component of scalartensor theories of gravity, one of the most natural and extensively studied extensions of General Relativity [92] . These theories are normally characterized by a nonminimal coupling between a scalar field and gravity. Very compact stars with vanishing scalar in scalar-tensor theories can be unstable towards the growth of a scalar field, a phenomena called spontaneous scalarization [93] [94] [95] [96] . The final state is a static star with a non-vanishing but static scalar profile.
A natural consequence of our work is that in these theories stars can also have scalar cores if the scalar field is massive and time-dependent. Given that massive scalartensor theories are poorly constrained, this opens the way to improve current bounds on these theories from binary pulsar experiments. We will leave this for future work and focus instead on massless scalar-tensor theories. We argue that even for a massless scalar field, some theories might admit stars with long-lived scalar cores. Focus on the simplest possible case, that of a complex scalar-tensor theory. This is conceptually easier to handle because it allows for the existence of spherically symmetric solutions with a static metric. This theory is formally equivalent to a tensor-multi-scalar theory with two real scalar fields [97, 98] . Our results also apply to single scalar-tensor theories with nonminimally coupled real scalar fields, the difference being that in these theories the geometry must also oscillate.
In the physical (Jordan) frame the scalar is nonminimally coupled to the Ricci scalar [92] . By performing a conformal transformation, one can write the theory in the Einstein frame as [97, 98] 
whereφ denotes the complex conjugate of φ, A 2 φ,φ is a generic function of the scalar field, and S m denotes the matter action. The matter fields, denoted collectively by Φ, are minimally coupled to the Jordan frame metricg µν = A 2 φ,φ g µν , where the tilde denote quantities computed in the Jordan frame. This guarantees that the weak equivalence principle holds. By varying the action (45) , one obtains the following scalar field equation (apart from the Einstein-Klein-Gordon equations minimally coupled to the matter fields):
where T denotes the trace of the matter fields' stressenergy tensor. The physical stress-energy tensor (written in the Jordan frame) is related to the Einstein-frame stress energy tensor by
whereT µν is the physical stress-tensor in the Jordan frame, given by Eq. (4) (for details see e.g. Ref. [99] ).
We will assume that at spatial infinity the scalar field vanishes and that the function A can be expanded as
where β is a real constant, while α and β 1 are complex numbers. Without loss of generality we set α = β 1 = 0. Applying this expansion to Eq. (46) one immediately sees that the field acquires an effective position-dependent mass term given by µ 2 eff = −βT [100, 101] . By taking the ansatz
and expanding the equations of motion around φ 0 = 0, we find
Here, we consider the matter fields to be described by a perfect fluid. Note that in all the equations we are only considering terms up to order φ 2 . The method to find compact stars is the same as described in the previous Sections, so we will not dwell on it further. For the perfect fluid we will consider the polytropic equation of state P = Kρ γ F , with the parameters used in the previous Sections.
A solution is shown in Fig. 15 . We have not been able to find solutions for which the scalar decays exponentially at infinity 3 . However, we find that for some specific frequencies ω the scalar field is exponentially suppressed inside the star. Outside the star these solutions display an oscillating tail, indicating that they are not truly stable solutions but are instead long-lived solutions, slowly decaying through the emission of scalar radiation. This is very similar to what happens for oscillatons [76, 81] . We have only been able to find such solutions in the range β ≫ 1. Negative values of β are highly constrained by binary pulsar experiments [102] , however positive values of β remain unconstrained 4 .
Although a careful analysis is out of the scope of this paper, our results make it possible that some massless scalar-tensor theories allow for the existence of stars with long-lived scalar cores. We would like to emphasize that our results are formally only valid up to order φ 2 . In the regime where such solutions exist, higher-order terms are in general important and should be taken into consideration. For the specific cases we tried, in particular A = e 
VI. ACCRETION AND GROWTH OF DARK MATTER CORES
We have shown that pulsating stars with DM cores exist as solutions of the field equations, even when the scalar DM core is self-gravitating. Although more studies are required, we also argued that these equilibrium solutions are stable. Do they form dynamically? Pulsating purely bosonic states certainly do, through collapse of generic initial data [18, 26, 27] . There are two different channels for formation of composite fluid/boson stars. One is through gravitational collapse in a bosonic environment, through which the star is born already with a DM core. The second process consists of capture and accretion of DM into the core of compact stars. A careful analysis for WIMPS has been done some time ago, showing that a significant amount of DM can be captured during the star's lifetime [44, 45] . The capture rate calculation for bosonic condensates follows through, if the condensate is small enough that it can be considered pointlike (we recall that bosonic condensates have a size determined by its total mass; very light condensates are spatially broad). If the condensate is ultralight and macroscopically-sized, interactions with the star are likely to be enhanced.
A. Growth of DM cores for non-interacting fields
Once the scalar is captured it will interact with the boson core. Interactions between complex fields have shown that equal mass collisions at low energies form a bound configuration [105, 106] . In other words, two bosonic cores composed of complex fields interact and form a more massive core at the center. This new bound configuration is in general asymmetric and will decay on large timescales [25] , the final state being spherical [107] .
The analysis of the previous Section makes it clear that for large and small boson masses, the boson and fluid behave as decoupled entities. As such, accretion by the DM core is well approximated by considering the collision between oscillatons. Using the methods of Numerical Relativity outlined in Refs. [108, 109] (see also Appendix B), we have considered collisions between two scalar oscillatons for three different cases:
(i) Two equal-mass oscillatons colliding at sufficiently small energies. An example of such a collision is shown in the upper panels of Fig. 17 for oscillatons each with M T µ S ∼ 0.36 (corresponding to the curve P 2 in Fig. 22 ). Note that the total mass is larger than the peak value and one would naively predict gravitational collapse to a BH. Instead, the final result is an oscillating object below the critical mass as shown by the red-solid curve in Fig. 18 (see also the convergence test in Appendix B).
(ii) Unequal-mass oscillatons for a total mass above the peak value. The result of this collision is depicted in the middle panels of Fig. 17 . Also in this case the final configuration relaxes to a perturbed configuration which oscillates around a stable configuration on the curve of Fig. 1 . The time evolution of the total mass is depicted by the green-dashed curve in Fig 18, where one can see that the total mass gradually decreases after the collision.
(iii) Two equal-mass oscillatons but for a total mass below the peak value. Even for this case, the final outcome is also an oscillating object below the critical mass whose mass as a function of time is shown by the bluedotted curve in Fig. 18 . It is also important to highlight that the final total mass is higher than those of the individual stars, showing that cores can grow.
All these collisions share common features. In particular, one of our main results is that collapse to a BH is generically avoided for the cases where the total mass is larger than the critical stable mass 5 . This is a general feature of what has been termed the "gravitational cooling mechanism": a very efficient (dissipationless) mechanism that stops them from growing past the unstable point, through the ejection of mass [47, 54, 55] . Such features have been observed in the past in other setups, . Note that the initial total mass of the system is above the Chandrasekhar mass (i.e, the maximum mass in Fig. 1 ). At very late times, we find that it relaxes to a point on the curve of Fig. 1 . Middle panels: unequal-mass oscillatons with MT µS ∼ 0.36, RµS ∼ 20 and MT µS ∼ 0.3, RµS ∼ 30 along the plane of collision. Again, the total mass is above the Chandrasekhar mass, but the final state is an oscillaton in the stable branch of the diagram. Bottom panels: equal-mass oscillatons each with MT µS ∼ 0.3, RµS ∼ 30, along the plane of collision. Notice that the final star is more massive than any of the individual colliding stars, showing that it is possible to grow DM cores.
such as spherically symmetric gravitational collapse [47] (see Fig. 2 in Ref. [27] ), slightly perturbed oscillatons [54] or fields with a quartic self-interacting term [55] . Gravitational cooling provides a counter-example to an oftenused assumption in the literature, that stars accreting DM will grow past the Chandrasekhar limit for the DM core and will collapse to a BH [40-42, 45, 46, 112-114] . Our results show that this need not be the case, if the DM core is prevented from growing by a self-regulatory mechanism, such as gravitational cooling. In fact, avoidance of the BH final state has been seen in collisions of supercritical neutron stars as well [115, 116] , which means that the phenomena is not exclusive of scalar fields.
B. Effects of self-interaction
The previous results concerned exclusively noninteracting fields (in the notation of Appendix B, λ = 0). We have extended our calculations to quartic selfinteractions as well, the formalism is laid down in Appendix B. In Fig. 19 , we investigate the effects of selfinteraction on the evolution of the collision of two equalmass oscillatons. We define the parameter of selfinteraction strength by Λ ≡ λ/µ 2 . Our results show that the same qualitative features arise also for self-interacting fields, in particular strong gravitational-cooling effects.
Thus, even though other more detailed simulations are still needed, the likely scenario for evolution would comprise a core growth through minor mergers, slowing down close to the mass-radius peak (see Fig. 1 ), at which point it stops absorbing any extra bosons [27, 54] . In other words, the unstable branch is never reached. This phenomenology is specially interesting, as it would also provide a capture mechanism for these fields which is independent of any putative nucleon-axion interaction crosssection: as we discussed, the bosonic core grows (in mass) through accretion until its peak value. At its maximum, it has a size R B /M ⊙ ∼ M B /M ⊙ . This is the bosonic core minimum size, as described by Fig. 1 . In other words, even for M B = 0.01M T the boson core has a non-negligible size and is able to capture and trap other low-energy oscillatons.
C. Thermal effects inside stars
Finally, we need to discuss thermal effects on the longterm evolution of these DM cores. We have just learned that boson stars and oscillatons are prone to mass loss in highly dynamical situations. It is, in principle, possible that thermal motion of the star's material alone is enough to disperse completely a scalar condensate. 
The frequency Ω th of the nucleon can be related to its mean free path A th via m N (A th Ω th ) 2 = k B T . It is clear that emission of gravitational and scalar waves is suppressed for energy scales Ω ≪ µ S , since the excitations are then confined to the interior of the boson star or oscillaton. However, for Ω th ≫ µ S the fluctuations induced by the thermal motion are free to propagate to infinity and leave the star, leading to mass loss of the oscillaton. In other words, for very light fields, µ S 10 −5 eV and realistic star temperatures T 10 5 K, a nonzero mass loss occurs, which we now need to estimate. Notice that we neglect the tail of the Maxwell-Boltzmann distribution, and therefore our estimate will be doubly conservative.
Our approach will give us an order of magnitude estimate of the scalar radiation loss due to the thermal motion of the star material. We will make two assumptions: i. The stresses causing the nucleon to move as in (54) can be neglected. Effectively then, to compute the radiation released in the process, one only uses the stress-energy tensor of the nucleon. This approximation neglects whatever is causing the (non-geodesic) motion. This assump-tion will cause factors of order unity to be neglected [117] . It does not, in principle, affect the order of magnitude of the numbers we show.
ii. The thermal motion of all the nucleons is taken into account by adding incoherently the radiation from a single nucleon. This is, in principle, a reasonable assumption and is taken on the grounds that the motion of the nucleons is random. This assumption implies that if one nucleon radiates a scalar fluxĖ 1 then the total scalar flux isĖ N = NĖ 1 , with N the total number of nucleons effectively contributing to the flux.
The details of our calculations are given in Appendix A. We find that the flux of scalar radiation at infinity scales aṡ
for large Ω th /µ S . The lifetime of a condensate with mass M B , due to these thermal effects, can be estimated as τ ∼ M B /Ė; even for ultralight fields and compact and large condensates this timescale is much larger than the age of the universe. In summary, in this setup where non-gravitational interactions are shut-off, thermal effects have no impact on the dynamics of DM condensates at the center of stars.
VII. CONCLUSIONS
The main purpose of this work (and of the recent Letter [1] ) is to understand how DM might affect the structure of compact stars, using a fully relativistic setup. The picture we discussed is quite generic and shows that any self-gravitating, massive bosonic field can form compact structures, either in the form of boson stars or oscillatons. In particular, we showed for the first time that real self-gravitating massive vector fields can form oscillatons and boson stars [21] .
These structures can cluster inside stars leading to oscillating configurations with distinctive imprints. In particular, since the fundamental frequency is ω ∼ µ S, V for non-compact stars (cf. Section IV), these oscillations imply that both the bosonic field and the fluid density (which is coupled to it gravitationally), vary periodically with a frequency
Hz ,
or multiples thereof. For axion-like particles with masses ∼ 10 −5 eV /c 2 , these stars would emit in the microwave band. These oscillations are driven by the boson core and might have observable consequences; it is in principle even possible that resonances occur when the frequency of the scalar is equal to the oscillation frequency of the unperturbed star. The joint oscillation of the fluid and the boson might be called a global thermalization of the star, and is expected to occur also for boson-starlike cores (which give rise to static boson cores), once the scalar is allowed to have non-zero couplings with the star material. Such couplings where recently considered in Ref. [118] , who showed that the oscillations could leave imprints in the Earth's breathing modes and possibly be observable with Earth-based detectors. Although further work is needed, our analysis shows that stars could also work as good DM detectors. Additional signatures could also occur in the presence of a DM core. For example, bosonic cores are intrinsically anisotropic. A certain degree of anisotropy in a neutron star might leave important imprints that could potentially be measured [119] (some effective field theories going beyond the mean-field approximation also predict that inside neutron stars, nuclear matter may become anisotropic, see e.g [120] [121] [122] [123] . The interplay between these two effects is also an interesting subject for future research).
Using full nonlinear evolutions of the field equations and arguments based on the structure of these DM cores, we showed that composite structures can be stable, even when the DM core is self-gravitating. We also provide clear and precise criteria for the onset of instabilities.
We should stress that previous works on the subject of DM accretion by stars have implicitly assumed that the DM core is able to grow without bound and eventually collapse to BHs [45, 46, [112] [113] [114] . Our results, from full nonlinear simulations of the field equations, show that the core may stop growing when it reaches a peak value, at the threshold of stability, if DM is composed of light massive fields. Gravitational cooling quenches the core growth for massive cores and the core growth halts, close to the peak value (c.f. Fig. 1 ). Similar mechanisms have also been shown to be effective in collisions of supercritical neutron stars [115] (see also [116] and references therein), and thus this phenomena is a very generic feature of self-gravitating solutions, and not only of bosonic fields. Together with our work, these studies show that BH formation depends very sensitively on the initial conditions of the system and cannot be solely inferred from the linear stability of the stars.
Our study focused on core growth through lump accretion, and does not address other forms of growth, in particular more continuous processes like spherical accretion or wind accretion. Partial results in the literature indicate that gravitational cooling mechanisms are also active in these setups [124] . To study BH formation in these different scenarios, a complete scan of the parameter space would be necessary. This could be done along the lines of Refs. [116, 124] .
Future works should consider more realistic equations of state and possibly include viscosity in the star's fluid and local thermalization. Viscous timescales for neutron star oscillations can be shown to be large compared to the star dynamical timescale R, but small when compared to the (inverse of) the accretion rate likely to be found in any realistic configuration [125] . As such, we expect that viscosity will damp global oscillations of the star, eventually leading to a depletion of the scalar field core. A similar effect will occur with local thermalization of the scalar with the star material if the central temperature of the star is much larger than the mass of the bosonic field [48, 49] . On the other hand, although more detailed studies of these effects are still necessary, the results of Refs. [48, 49] suggest that, for bosonic fields with masses keV inside old neutron stars or white dwarfs, local thermalization should not significantly affect our results.
We also argued that in theories where a scalar field acquires an effective mass due to the presence of matter, long-lived oscillating configurations might form inside stars, in a region of the parameter space which remains unconstrained. Whether these configurations actually form and whether they have peculiar observable imprints, can only be accessed through a fully dynamical analysis. On the other hand, our results apply directly to massive scalar-tensor theories (see e.g. Ref. [126] ). Further work is still needed, but our results raise the interesting possibility that DM cores could be used to further constrain these theories.
There are a number of other setups where similar results may hold. For example, minimally coupled, multiple (real) scalars, interacting only gravitationally, were also shown to give rise to similar configurations [127] . In higher dimensions, one may ask if purely gravitational oscillatons exist. Such solutions could arise due to the compactification of extra dimensions, which effectively give rise to massive bosonic fields. A natural extension of our work would be to look for such solutions in theories with massive gravitons [128] , which have received considerable attention in the past few years. Another outstanding open problem concerns the construction of rotating oscillatons. Rotating boson stars were obtained for both complex scalar fields [129] and more recently for complex vector fields [21] . For real fields, the timedependence of the metric makes the explicit construction of rotating oscillatons an highly intricate task. A possibility would be to use Numerical Relativity methods to construct such solutions. We hope to possibly solve some of these problems and further develop this subject in the near-future. In order to investigate the mass loss via thermal effects, we consider a single nucleon vibrating, due to thermal effects, with a small amplitude A th inside the DM core. This nucleon is at a fixed radius r 0 , but its azimuthal angle changes as ϕ = A th r 0 sin(Ω th t).
The formalism to study the perturbations induced by particles at a fixed radius in a bosonic condensate was developed in Refs. [25, 130] . Since we are interested in the DM mass loss, we focus only in the polar sector of the perturbations. We shall assume the metric to be the one for a mini boson star, with maximum mass configurations, described by the line element ds 2 = −F (r)dt 2 + B(r)dr 2 + r 2 dΩ 2 .
Generically, the relevant coefficients of the expansion in the tensorial spherical harmonics (in the time domain) for a particle moving inside the star configuration are given by 
where the subscript p stands for the nucleon quantities, Y lm p ≡ Y lm (θ p , ϕ p ) are the spherical harmonics, and γ = dt/dτ . The angular quantities W lm and X lm are defined in Refs. [131, 132] . To specialize to our model for a fixed radius r p = r 0 , we can, without loss of generality, take the motion to be in the plane θ p = π/2. Additionally, we have 
Note that the nucleon frequency is restricted to A th Ω th < F (r 0 ). Therefore, for an oscillating nucleon at a fixed radius, we have 
To extract the corresponding source terms in the frequency domain, one has to perform the integral dt(⋆)e iωt (cf. Refs. [25, 130] ). For a particle in a circular motion this is a direct task, because the time dependence is on ϕ, as e −imΩ th t , and the integral results in a delta function δ(ω − mΩ th ). For the oscillatory motion, the time dependence is still encoded into the azimuthal angle, but the integration is not direct. In order to per-form the integrations, we can use where at this order γ = F (r 0 ) −1/2 . Therefore, at first order, the time integral (and the source term in the frequency domain) results in two terms proportional to δ(ω ± Ω th ). To integrate the differential equations, we can use the same method exploited in Refs. [25, 130] 
where ω 0 is the frequency of the background scalar field, k + = (Ω th + ω 0 ) 2 − µ 2 S , and φ + describes the perturbation induced by the moving nucleon (radiating DM field). From the above expression it is clear that the scalar radiation is suppressed for Ω th ≪ µ S . Scalar radiation appears for values of Ω th such that (Ω th +ω 0 ) 2 > µ In Fig. 22 , we show that our initial data for single oscillatons, within an appropriate choice of parameters, result in single oscillatons. We trace the time evolution for each initial data summarized in Table I . Note that collapse to a BH occurs when the amplitude of the scalar field is much larger than the critical value discussed in Ref. [27] , while for very small amplitudes the field simply decays away to spatial infinity . Table I ). Finally, we show the resolution study for the equalmass collision in Fig. 23 . The upper figure shows the time resolution dependence and it indicates that highresolutions for the time scale of the oscillation, µ∆t, are needed in order to avoid a large dissipation due to insufficient resolution. The lower figure shows the difference among total masses with different spatial resolutions as a function of time. This shows that our error for the total mass is at most 0.1% in our simulation. The results in the main text are obtained using appropriate spatial and time resolutions. The convergence factor is ∼ 2.86 and then, the error is at most 0.1% in our computational time.
